We calculate and classify different families of localized nonlinear waves that can exist in two-dimensional photonic lattices induced in photorefractive materials. The saturable nonlinearity of the medium, together with the periodic lattice potential, leads to waves that take the form of light clusters filling an arbitrary number of lattice sites. We calculate these nonlinear waves and describe the different features that they present according to their power and propagation constant. We also study their stability, demonstrating that stable propagation is possible for some of them, and describing the different instability scenarios that the unstable solutions develop.
Introduction
Optical lattices are artificial crystals of light that can be obtained by illuminating an adequate optical material (usually photorefractive) with a number of mutually coherent laser beams [1, 2] . The interference pattern created by those beams induces a spatially periodic modulation of the refractive index in the material. This effect can be used to trap a probe laser beam, usually much weaker and with a different frequency than those beams used to generate the lattice. Such induced media, however, can also be generated by other means like suitable voltages applied to liquid crystals [3] .
Photorefractive materials are among the best candidates to make experiments with nonlinear optical lattices due to the low intensity necessary to obtain a nonlinear response and the stability of the induced pattern inside the crystal. The study of nonlinear waves in periodic potentials has become an active field of research in recent years due to its applications in control and manipulation of light properties [4] . Moreover, there is a strong hope in finding exciting new physics [5] in such systems as a result of the combination of well-known results of solid state physics (band theory and Bloch modes) and the properties of nonlinear waves (like self-focusing or the stable propagation of solitons). For instance, it has been shown that, in this kind of system, the appropriate election of the probe beam power and the lattice depth and period yields to stable and localized light propagation for the probe laser. This beam can generate a lattice soliton [6] linked to a site of the periodic potential, that remains undistorted upon propagation.
The generation of lattice solitons has been demonstrated experimentally in both one-dimensional [7] [8] [9] and twodimensional systems [10] [11] [12] [13] [14] . Novel kinds of nonlinear waves like soliton dipoles, quadrupoles and some kinds of multipoles [15] [16] [17] [18] and soliton trains [19, 20] , as well as discrete vortices [21, 22] have also been demonstrated. Most of these results have been generalized for the case of several probe beams that are mutually incoherent, yielding to the so-called discrete vector solitons [23] . On the other hand, the possibility of generating three-dimensional spatiotemporal solitons in two-dimensional optical lattices has also been described [24, 25] . The nonlinearity makes the soliton solutions to exist in the gap between bands, yielding to the concept of gap solitons [26] [27] [28] [29] [30] . Such a soliton can also be located in the so-called semi-infinite gap, above the first band, being in this case regarded as a discrete soliton.
In this work, we will show that many of these previous distributions belong to a more general kind of nonlinear waves that exist in two-dimensional periodic lattices [31] and lie in the semi-infinite gap. These waves are clusters of parallel laser beams that are linked to the sites of the lattice and influenced by the periodic potential, especially at low power. On the other hand, as we demonstrate below, the saturation effect of the potential produces the fusion of the different cluster lobes over a power threshold, and the resulting single-hump soliton is able to reach an arbitrary high power. The form of the solutions can vary substantially depending on the light distribution used to excite them. A suitable choice of beam powers and relative phase between humps can yield to the formation of arrays of lattice solitons that propagate without shape distortion for arbitrarily long distances. The extension of these light distributions can be arbitrarily large, filling an unlimited number of lattice sites. On the other hand, some input distributions are not stable, though they are solutions of the stationary problem. This case corresponds to unstable solitons, which have also been analysed in detail.
In the next section, we will first discuss the physical model and the equations involved. Then, in section 3, we will calculate the explicit form of the stationary solutions of this system and classify them into families described by the number of lobes and their relative phase. Finally, in section 4, we demonstrate that stable propagation is achieved for a wide range of configurations. We will also test in this section the stability of these waves when they are generated with arrays of Gaussian beams [32, 33] with an appropriate power, width and relative phase, as is usual in experimental configurations. Additionally, we will identify and describe different instability scenarios related to different solutions belonging to different families.
Physical model
We will study the paraxial propagation along z of a laser beam of vacuum wavelength λ 0 with envelope (x, y, z), through a photorefractive biased crystal with a bias electric field E 0 and nonlinear electro-optic coefficient r 33 . We consider four ordinary-polarized waves interfering inside the crystal and originating an irradiance pattern described by
I 0 and d being, respectively, the depth and period of the pattern, which can be easily controlled by acting on the interfering laser beams. This pattern produces, via the photorefractive effect, a periodic modulation of the extraordinary refractive index which can be described [21, 34] by a potential function of the form n e (x, y) = −V 0 /(1+ I g (x, y)), where V 0 = n 3 e r 33 E 0 /2 is the amplitude of the modulation that can be adjusted by changing the bias field E 0 . n e is the base extraordinary refractive index and I g is the irradiance, which is assumed to be normalized to the dark irradiance I d of the biased crystal, defined as the ratio of the thermal excitation rate to the photoexcitation cross section, and which can be considered as the irradiance necessary to induce the production of charge carriers in the dark. Thus, taking into account this index modulation and the photorefractive nonlinearity, the evolution of an extraordinary-polarized probe beam is modelled by the wave equation [23] ,
where the variables in the transverse plane-as well as the lattice period d-are measured in units of λ 0 /(2π √ 2n e V 0 ), and the propagation variable z in units of λ 0 /(2π V 0 ). ⊥ is the transverse Laplacian operator, and the field intensity | | 2 is also normalized to the dark irradiance I d .
In order to present an example, we consider an SBN:60 crystal, for which r 33 = 280 pm V −1 and n e = 2.3. Taking a beam of wavelength λ = 488 nm, if we induce a lattice with a period of 20 μm, we obtain a value V 0 = 3.28 × 10 −4 . This value is achieved with a bias field of E 0 ≈ 2 kV cm −1 . According to the model in equations (1) and (2), the linear part of the potential term represents a periodic lattice of the backbone type [35] and is plotted in figure 1(a) . The nonlinear effect induces a relative maximum in the global potential through the field intensity term, as shown in figure 1(b) , making possible the existence of localized solutions.
Stationary states
We look for stationary solutions of the model given by equation (2) assuming the form (x, y, z) = u(x, y) exp(iβz), where β is the propagation constant. Substitution in our model equation (2) leads to the z-independent stationary equation,
As is usual in nonlinear systems, there is a continuum of eigenstates for different values of the propagation constant, and so it is possible to analyse the dependence of the power of the stationary solutions P = ∞ −∞ u 2 dx dy with the propagation constant β.
The stationary states can be numerically calculated and constitute families of solitons described by the parameter β. We chose the particular values I 0 = 1, d = 10 for the lattice normalized parameters in all the calculations. In order to have localized solutions [u(x, y → ±∞) = 0], due to the particular form of the potential term in equation (3), plotted in figure 1, it is required that β < 0.
Each family of solitons is defined by the number of lobes and its phase configuration, i.e. by the relative sign among the different maxima. Some examples of these solitons, belonging to different families presenting lobes of the same relative phase, are illustrated in figure 2 (single-lobe solution) and figure 3 (multi-lobe solutions). In figure 4 , we show the plots of the power P versus the propagation constant β for a number of those families.
In the linear limit, the periodicity of the medium would require Bloch-type periodic solutions which would extend over the whole lattice. Consequently, at low powers, the states of a particular family present many lobes that fill up all the lattice sites as shown in the examples of figures 5(a), (b) for two different families: single-lobe and opposite-signed dipole, respectively. As the power increases, each lobe becomes more and more self-confined due to the nonlinear effect, up to the point that they turn into independent solitons that do not feel the influence of their neighbours (tight-binding regime). This independence makes possible the existence of many different families of states, each one with a different number of lobes associated to lattice sites. Due to the fact that we have considered homogeneous boundary conditions (localized solutions), the amplitude of the states drops to zero at the domain limits and consequently no solutions are found for powers below a certain value. In this low power limit, the field envelope has the shape of a broad soliton that extends over many lattice sites (see figure 5 ) and a superposed spatial modulation appears due to the presence of the lattice. The power versus β curve bends upwards (see the inset at the top of figure 4), in a similar fashion as that of a discrete surface mode [36] . The propagation constant at this point is consequently close to the first band limit, all the solutions considered in this work being in the semi-infinite gap. The solutions corresponding to the single-lobe family were already studied by Efremidis et al [35] and they constitute a particular case of a broader kind of existing solutions.
The localized solutions existent in the nonlinear regime take the general form of multi-hump solitons whose lobes can be located at the maxima (in-site) or at the nodes (off-site) of the lattice. It may be noted that families of solitons with a higher number of lobes present a higher power (figure 4). For a particular family, the amplitude of the lobes depends on the value of the propagation constant, so that P basically increases with β. For the case of the single-lobe soliton, increasing power also makes its width to increase, so that it extends over many lattice sites (see figures 2(a) and (b)). The increase of soliton width with power is characteristic of the nonlinear saturable effect, which additionally dominates over the linear periodic potential of the lattice at high powers.
For solitons presenting more than one hump, however, the nonlinear effect reinforces the multi-cell potential at moderate powers. In figures 3(D)-(F), it is shown that as the propagation constant increases, the state with two close same-sign lobes modifies its shape, undergoing a fusion of both lobes into a single-lobe state centred at a lattice nodal line. Consequently, this fusion point indicates the transition between in-site and off-site solitons, so that the off-site states do not exist for too low powers and they are characterized by higher power than the in-site counterparts. This fusion also takes place for different families. An example is shown in figures 3(G)-(I), where a four-lobe soliton fuses into a node-centred singlelobe state as β increases. Analogous fusion is found for states with diagonally disposed lobes (see figures 3(J)-(L)). In this case, the fusion takes place towards a fundamental soliton centred at a node in the common corner of both lattice sites, and the power curve in this case joins to the fourlobe family at point L (figure 4). Fusion of lobes always corresponds to a change of regime in the power curve, so that it bends backwards, originating a zone where multi-stable solutions exist-different states characterized by a different power present the same propagation constant. For instance, the vertical dotted line in figure 4 marks a set of three multistable solutions for the quadrupole family with β = −0.62. The fusion of lobes when the power increases is due to the saturation effect of the nonlinearity. In fact, the increase of power makes the nonlinear effect dominate over the lattice periodic potential and the saturation produces an increase of the lobe width for high powers. As a result, a regime where the lobe width surpasses that of the lattice cell appears, resulting in an overlapping that leads to the fusion of lobes.
Modes with two inverted-phase lobes (figure 6(M)) exhibit a different behaviour related to the propagation constant. Instead of fusing with increasing β, they separate from each other up to the point at which they reach a location on lattice nodal lines ( figure 6(N) ). Additionally, both lobes increase their width as they separate. There is an end point (figure 7, point N) for the power curve. At this point the curve bends backwards, corresponding to the change of regime that characterizes the multi-stability region where the two-lobe solution turns into a four-lobe one. In this case, each of the lobes splits into two lobes of the same sign, resulting in two opposite-sign doublets, each one composed of two in-phase lobes (figures 6(P), (Q)). Similar regimes are found for solitons with four out-of-phase lobes (figures 6(R)-(U)), where the lobes separate from each other to reach nodes of the lattice at the highest power point, and split into four out-of-phase sets, each composed by four in-phase lobes (thick curves in figure 7 ), along the other branch of the power curve.
States with a higher number of lobes present more complicated dependences of the shape with power, but they can be basically accounted for in terms of the same features described above. Some examples of different solitons belonging to more complicated families than those described above are shown in figure 8.
Stability of the stationary states
The stability of those states was investigated by means of numerical simulations using a standard beam propagation method. The first conclusion is that those states whose lobes are centred at lattice sites and alternate their sign are completely stable except those close to the linear limit where the power curve slope is negative (see figure 6 ): for instance, most of all those corresponding to the continuous lines in figure 7 , and particularly the examples M and R in figure 6 ; also the multi-lobed states in figure 8 , cases X, Y and Z. Figure 9(a) shows the maximum intensity versus propagation distance for some of these states, showing a constant value on the whole long distance and revealing its stable evolution. The numerical simulations were also carried out using arrays of Gaussian beams instead of the exact eigenstates and they resulted in being stable as well. This robustness would eventually allow us to reproduce the results experimentally and makes these beams suitable to be used for optical control operations. In figure 9 (b) the maximum amplitude is plotted versus the propagation constant for those states close to the linear limit shown in figure 5 . The thin continuous and dashed lines correspond to the cases (a) and (b) in figure 5 , respectively, and the thick continuous line corresponds to a state of the alternating-signed quadrupole family. After some propagation distance, the state becomes unstable in a spreading-out fashion. The same scenario is obtained for the single-lobe state, which is stable in the whole domain except for the negative slope part of the power curve ( figure 4 ). This particular case was studied in [35] , obtaining the same result. The non-derivable points of the curves, corresponding to states with more than one lobe, arise because only the maximum amplitude point has been tracked, and the lobe at which it is located changes at that point.
On the other hand, we remark that these states are indeed solitons and the nonlinear effect is essential for their existence.
In figure 9 (c) we show a simulation with the nonlinear effect switched off, the states being propagated only in the linear potential of the lattice. The maximum intensity changes in this case due to the transference of energy among different lattice sites, due to the power coupling between the different potential maxima of the periodic lattice, and leading to what is known as discrete diffraction.
On the other hand, solitons with lobes of the same sign or different sign pattern than considered above develop a number of instability scenarios, which can be summarized as follows. For states of a family not belonging to the central branch in the multi-stability region, the beam lobes are centred at lattice sites and they maintain their position upon propagation, developing certain power oscillations (see in figure 10 the curve corresponding to the state labelled D). The coupling between both lobes, however, is only partial and the power oscillations are perfectly periodic, constituting a weak instability case. On the other hand, for states belonging to the central branch in the multi-stable region, close lobes merge together and oscillate laterally with an amplitude of the order of the lattice pitch. These transversal oscillations also affect the amplitude (see line E in figure 10 ), resulting in being chaotic and denoting a deep soliton instability. A similar scenario occurs for states with lobes disposed diagonally. Alternating-sign ones remain stable as expected. For those with same-sign lobes, like the one shown in figure 3 (J), the instability pattern is different according to the branch of the power curve. For the branch where the lobes are located at the respective sites, states develop perfectly periodic amplitude fluctuations, together with a phase inversion. To show such an effect, we have tracked the intensity of each lobe separately. In figure 11 (a) the maximum intensity for each lobe is plotted as a function of the propagation distance, showing the periodic effect of mutual energy transfer. Also, in figure 11(b) , the cosine of the relative phase between both maxima is plotted, showing a periodic phase inversion at the same distances where the power transfer between lobes is maximum. The states belonging to the other branch, where lobes are off-site (like the one labelled K in figure 3 ), show a different behaviour. In this case the lobes fuse together and develop chaotic oscillations, revealing a stronger instability scenario.
Instability patterns corresponding to solitons of higher number of lobes (for example those in figure 8 ) are more complicated, but all of them belong to the general types described above, developing weak oscillatory instabilities or chaotic coupling depending on the branch of the power curve to which they belong.
Conclusions
In conclusion, we have calculated and analysed the different families of multi-hump solitons lying in the semi-infinite gap in two-dimensional photonic lattices and studied their stability. We found that those discrete solitons with alternating-phase lobes are stable, except for those close to the linear limit, whereas those with same phase lobes develop different kinds of instability: periodic amplitude and phase oscillations or chaotic instability depending on the branch of the power curve on which they lie. The possibility of using arrays of Gaussian beams would eventually allow an experimental demonstration of these results, in an accessible way with standard techniques. 
